In this paper the Power-Oriented Graphs (POG) 
INTRODUCTION
The analysis of the dynamic behaviour of hybrid electric vehicles is nowadays a very important topic, especially aiming at reducing fuel consumption and exhaust emissions. This paper deals with power-split propulsion system of hybrid electric vehicles, in particular the one equipped with an internal combustion engine and a multi-phase synchronous machine, where the power split is carried out by means of a planetary gear system. The Power-Oriented Graphs (POG) modelling technique is here exploited to provide the models of the considered dynamic systems: a planetary gear with internal elasticity and dissipation, a multiphase permanent magnet synchronous motor and a power-split hybrid vehicle. Differently from the Bond Graphs technique, see [Paynter, 1961] and [Karnopp et al., 2000] , and from the Energetic Macroscopic Representation, see [Chen et al., 2008] , the POG representation is easy to be read even by a neophyte and can be directly implemented in Simulink without the need of specific libraries. The paper is organized as follows: Sec.II describes the basic properties of the POG modelling technique; Sec.III, IV and V show, respectively, the POG dynamic models of planetary gears, electric motor and of the hybrid propulsion system; in Sec.VI some simulation results are reported.
POWER-ORIENTED GRAPHS FEATURES
The Power-Oriented Graphs technique [Zanasi, 1991] is suitable for modelling physical systems.
The POG block schemes are normal block diagrams combined with a particular modular structure based on the use of the two blocks shown in Figure 1 (a) and Figure 1(b): the elaboration block (e.b.) stores and/or dissipates energy (i.e. springs, masses, dampers, capacities, inductances, resistances, etc.); the connection block (c.b.) redistributes the power within the system without storing nor dissipating energy (i.e. gears, transformers, etc.). The e.b. and the c.b. are suitable for representing both scalar and vectorial systems. In the vectorial case, G(s) and K are matrices: G(s) is always a square matrix composed by positive real transfer functions; matrix K can also be rectangular. The circle present in the e.b. is a summation element and the black spot represents a minus sign that multiplies the entering variable. The main feature of the POG is to keep a direct correspondence between the dashed sections of the graphs and real power sections of the modelled systems: the scalar product x T y of the two power vectors x and y involved in each dashed line of a POG, see Figure 1 , has the physical meaning of the power flowing through that particular section. Each Physical Element interacts with the external world Another important property of the POG technique is the direct correspondence between POG schemes and corresponding state space dynamic equations. For example, the POG scheme shown in Figure 2 can be represented by the state space equations
where energy matrix L is symmetric and positive definite. It can be shown that when D = 0 it follows that C = B T . When an eigenvalue of matrix L tends to zero (or to infinity), system (1) degenerates towards a lower dimension dynamic system. In this case, the dynamic model of the "reduced" system is
and can be obtained from (1) using a simple "congru-
The POG scheme of Figure 2 can also be easily input-output inverted, both graphically and mathematically, as shown in Figure 3 .
The inverted system state space equations are:
where
POG MODELING OF PLANETARY GEAR
Let us consider the planetary gear in Figure 4 . Figure 5 : the carrier, the planets and the ring interact each other through the two elastic elements K cr and K sc . The state space dynamic equations are:
The details of (4) are in (5).
Reduced elastic model
For certain applications the POG model of Figure 5 can be too much detailed. In these cases it can be of interest to find some reduced models, see . Using the POG reduction technique it is possible to obtain from (5) a reduced model when J s , J c and J r go to zero. Applying to (5) the following transformation:
, where The last equation of (6) . Since matrix D e is invertible, system (7) can be inputoutput inverted using the relations shown in (3). The state space equations of the inverted-reduced system are reported in (8) 
.
Reduced dissipative static model
A dissipative static model of the planetary gear can be obtained from the extended model (5) when stiffness coefficients K cr and K sc tend to infinity and inertias go to zero
Matrix D is singular and therefore all the torque vectors u = [t s , t c , t r ] T which belong to the kernel of ma- 
ELECTRICAL MOTORS MODELING
In this paper we refer to a permanent magnet synchronous motor (PMSM) with an odd number m s of starconnected phases 
the dynamic equations of the electric motor in the transformed rotating frame S w are obtained:
where 
where L se = L s0 + m s M s0 /2 and w =dq/dt. For the considered rotor flux f(q), the torque vector w K t (q) is constant [Zanasi and Grossi, 2008] with the following form:
The POG block scheme of the synchronous motor in the transformed space S w , see eq. (13), is shown in Figure 6 . The torque control of the PMSM is realized by control law: 
where w I d is the constant desired current and K c > 0 is a diagonal matrix used for the tuning of the control, see .
POG MODELING OF A HYBRID AUTOMO-TIVE SYSTEM
The considered power-split architecture is shown in Figure 7 : it includes an internal combustion engine (ICE), a multi-phase Permanent Magnet Synchronous Machine (PMSM) and the vehicle (see [Miller, 2006] and [Wang et al., 2009] for other architectures). The ICE is rigidly connected to the Carrier (C), the PMSM to the Sun (S) and the vehicle driving axle to the Ring (R).
This hybrid system is represented by the "high level" POG block scheme of Figure 8 where power sections 1-5 correspond to the physical power sections indicated in Figure 7 . The block "Control" in Figure 8 represents the electric PMSM control. The POG model of the PMSM between sections 1 and 2 is given in Figure  6 . The POG model of the planetary gear between sections 2 and 3 is the elastic model given in (8). In 3 the Ring is connected to the driving shaft of the vehicle. The dynamics of the vehicle (single track model with tire-road interaction model) is described by the POG model between sections 3 and 4, see ] for details. Finally, last POG block describes the resistance of the air F r = F r (x
SIMULATION OF THE HYBRID PROPUL-SION SYSTEM
The presented hybrid propulsion system has been implemented in Matlab/Simulink and the obtained Simulink scheme is shown in Figure 9 . The "startand-stop" simulation results reported in Figures 10-13 have been obtained with the ICE switched off, i.e. w c = 0, and controlling the multi-phase electric motor in order to make the vehicle speed follow the trapezoidal velocity shape x 
CONCLUSION
In this paper a power-split hybrid electric vehicle is modeled using the Power-Oriented Graphs technique. The main subsystems (multi-phase synchronous motor, planetary gear and vehicle dynamics) are modelled taking advantages from the main features of POG such as the possibility to reduce and transform systems and to directly implement POG schemes in Simulink. Simulations results show the effectiveness of the proposed models. 
